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Multi-mode g-coherent states
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Absiract. We show how to construct a multi-mode operator which satisfies the quantum-
Heisenberg-Weyl algebra (H-W, algebra); we use this operator to create new two-mode
realizations of the SU;(2) and SUy(1,1) quantum algebras. We also investigate the
comresponding coherent states.

1. Introduction

Conventional annihilation (resp. creation) operators for boson modes indexed by £, j, ..
satisfy :

la, a1 =8;  laa)=0  [n,a)=-8a (1)

where we have introduced the number operators n; = a;'a;. In a previous paper [1] the
authors investigated two-mode states arising from the operator [2]

A = aia{max(n, na)} ™'/ 2
which may easily be seen to satisfy the single-mode boson commutation relations
[4,AT] =1 [N, Al =—-A 3

where we define N = A'A = min(a;, n2). This may be generalized to three or more modes.
There has been much recent interest in deformations of the conventional boson
commutation relations, equation (1). The first such deformation [3] considered was

aat —gata = 1. (4)

The coherent states appropriate to this formulation are related to the classical g-functions
of mathematics (see, e.g., the books by Exton {4] or Andrews [5]); we therefore refer to
these deformed bosons as M(aths)-bosons. A later version [6, 71 is

aat — gata = ¢ [n,a'] = at &)

where n is the appropriate number operator, This deformation was a means of obtaining
realizations of quantum algebras such as SU,;(2) which arose from physics considerations;
we therefore refer to this deformation as a P(hysics)-boson.

We note that both formulations satisfy

la,a") =aa' ~ala = [n+1], - [n], (6)
t Permanent address: Department of Chemistry, Technion, 32000 Haifa, Israel.
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where for M-bosons,
Y =@" - /g~
and for P-bosons,
" =@ -9/ a-q7").
In general we have
la, @)1= @) "(n+rly ~[nl) M

and we drop the index M or P as equation (7) holds in either case. We shall usually omit
the subscript ¢ on ], when the context makes clear that a value of ¢ is assumed. This
result generalizes [8] to

la, F(@h]I0) = ; Dyt F(a')I0) @®
where
M _ Flgx)—Fx)
qu F(x) = —x(q — 1)

is the g-derivative of classical g-analysis [9], and
F(gx)— Flg~'x)
x(@—q™")
is the P(hysics) version. We shall find this relation useful in defining the multi-mode
g-coherent states. We start with the two-mode case.

D F(x) =

2. Multi-mode g-bosons

Consider ¢-boson modes a; satisfying either of the commutation relations, equation (4) or

equation (5) above, with the appropriate number operators r;. We shall additionally assume

that [n;, a;]1 = —&;;a;. Since n; is a function of a; and a;%, this ensures that [n;, n;1=0.
Now define a two-mode boson operator A by

A = ayap{max([ny), [n2D} /2 (9)
(for both M- and P-bosons). One may verify that with this definition,

AAt —gATA =1 M — case)

AAt —gATA =gV [P — case] (10)

where the number operator in both cases is given by N = min{n,ny} and satisfies
[N, Al = —A,

Equation (10) tells us that we have a two-mode realization of both cases of the deformed
Heisenberg—Weyl algebra. This in turn enables us to obtain new two-mode realizations of

the quantum algebras SU,;(2) and SU,(1, 1) using a g-analogue of the Holstein-Primakoff
realization as in [10].

SU,(2): The Holstein-Primakoff realization of SU,(2) is given by

Ji = /20 + 1 — N]A?
J_=AJ/[20 +1 = N]
Jo=N-¢c ' 1
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where ¢ is the angular momentum quantm number o = §, 1,2, .. .. The standard SU,(2)
commutation relations ensue:

[Jy, J-] = {24}

(12)
[o. Ji] =+/.
SUg(1, I): In this case the corresponding realization is:
K, =+v[20 -1+ N1Af
K. = A{[20 — 1+ N] (13)

Ko=N+o
where o is real and positive. These operators satisfy the commutation relations of SU,(1, 1)

[Ks, K ] = —[2K0]

14
[Ko, Ks] = %K. 44

Since [ry — n2, A) == 0 the two-mode Fock space spanned by the common eigenstates
of ny and n, {li, j); i,j =0, 1, 2, ---}, splits into a direct sum of subspaces

[ Hi+ci) =0,1,--} forC 20
“1lii+i€ly i=0,1,--} forC <0

each one of which is invariant under the two-mode boson operators introduced above. In
this paper we restrict our attention to the subspace Fy consisting of diagonal states.

The realization for SU,(2) given in equation (11) is different from the two-mode
realization given in [6, 7]. The realization for SU,(1, 1) generalizes that given in [11]
to which it reduces within the diagonal subspace for o = 1.

The above considerations may be readily generalized to the multi-mode case. Define
the three-mode g-boson by

Fc

mllnelins) )~
min({n1], [n2], [n3])

A = ad)aras [ (15)

This three-mode ¢-boson, together with its Hermitian conjugate A*, satisfies the appropriate
M or P versions of the deformed Heisenberg—Weyl algebra. This enables three-mode
realizations of quantum algebras to be given. If, fm‘t_her, the single-mode operators 21, a3, . ..
are replaced by the corresponding multi-boson operators as previously given by the authors
{10], one may obtain multi-mode, multi-boson realizations of quantum algebras.

3, Two-mode g-coherent states

We define our two-mode coherent states in the usual way by
Aler) = ale} (16)

where A is the two-mode g-boson operator definred in equation (9) above.
From the algebraic discussion of the introduction, we see that a (normalized) solution
of equation (16) is given by

o) = NE @aD)0,0) (17
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where the g-exponential function E,(ax) satisfies
qu Eq(ax) = aEq(ax)
{in both M and P cases). The g-exponential is defined in both cases by

E,(x) = Z[:_]q" (18)

The symbol [Jv'],,,1 is defined by [r],! = [r],{r — 1}[r — 2], ---[1];. The normalization
constant N is given by Ni=E (Ioeiz) Choosing a normalized basis

- 1 tar (al az )r
lror} = ——"\/[7]-!(3 )10,0} = Bl ———10,0} (19)

we see that the coherent states are given by

|a)—N"Z []l =N Z

r—U

[r r) (20)

It was shown in the conventional case [1] that two-mode coherent states exhibit
squeezing; that is, one of the components of the associated electromagnetic field can have
dispersion less than the vacuum value of 1/2 ( in appropriate units). One may demonstrate
that such squeezing effects also occur here. We define the electromagnetic field components
in the usual way by x; = (@; + a;1)/2 and p; = (&) ~ a;1)/iv/2 ; with the corresponding
expressions for the second mode. General two-mode components are defined by

@ +a )+ (o + 2

/3

X=hx+uxp = %
and
P=ipi+up:= L(al —a) + L(ay— axh).
i~/2 iv/2
The dispersion of X, for example, is given by
(AX)? = (X% — (X
In the coherent state @} we have (X} = 0 = {P}. Thus, for diagonal states we have

(AX) = (X2) = (2 + 1) Im] + [y + 11) + o ((@ias + e ) + ) 1)

and we have not yet made any assumption about the commutator {a), a2].- Straightforward
calculations give {[7,]} = |@|?, while {[n, + 1]} = glo|® + O where

Q=[ ! (M-case)
— | Eqlal?/q)/ Eq(lel®) (P-case).

Writing

T = (@layala) = E(Ia[z)z[r]' [+ 11,
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and assuming @,a; = €“a;a; we have for the dispersions

2 2
8%7 = 2T (1a(1 4 g) + @1 + A1 + c0s BT
2 2
0P = 2 a4 ) + Q) = A1+ 08B, @)

We choose A% + u? = 1 to maintain the relation between X, P and the corresponding
number operator; maximal squeezing occurs for § = 0 and, just as in the conventional case
(g=1), for A = p = 1/4/2.

Q.25
0.20r

wf 015

(Ap

[s)[s]
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Figure 1. Maximal squeezing for the M- and P-coherent states,

The calculated results, presented in figure 1, show that for P-bosons (symmetric under
g <+ 1/¢) the attained squeezing is always less than in the conventional case; this is a
feature of these g-boson systems [10], This is also true for the M-boson case when g > 1,
the region of unrestricied convergence of the infinite series involved.
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